Lecture 3: First-Order Linear ODE’s

January 22, 2007

1 Some Definitions

These will not be needed to complete the problems, but it is eventually important to know the
vocabulary of the theory which this section of Zill (Section 2.3) is part of. It is also interesting to
see some of the general terminology we will encounter in the weeks ahead, though there will be a
short detour into so-called ezact equations before we come back to this theory with a vengeance.
The actual techniques we use will be given in Section 2 of this handout.
The general nth order linear ODE, where we assume y = y(z), is given by
dny dnfly
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A very useful notation we will use later in the course is the following (Zill, p. 130), where D = %:

Lly] = an(x) D"y + an—1(x) D"y + - - + a1 (x) Dy + ao(2)y @
={an(x)D" + apn_1(z)D" ' + -+ a1 (z)D + ap(z) } y,

which will let us write the linear equation in the more compact form

Lly] = g(), (3)

with the understanding that we are solving an equation, the solution being a function y = y(x).
The reason that (1), and thus L[y] = g(z) is called linear is because L is a linear differential
operator. The “differential” part means involving derivatives and the “linear” part means that

Llyr +y2] = Llyn] + Llyz],  for all g1, 5, (4)
L[6y] = SLIy) for all § € R. (5)
In fact (4) and (5) together form the general linear-algebraic definition of a linear operator, with the

vector space here being some kind of function space in which L makes sense (such as a space of
n-times differentiable functions, to be somewhat specific).!

LA wector space is a set with operations called “vector addition” and “scalar multiplication,” satisfying several
structural axioms. (See any text on linear algebra.) For our part later in the course, the crucial axioms are that it is
closed under these operations, meaning if the vector space is V', then
(1) for all u,v € V we have u+v € V, and
(2) forallu eV and B € R, we have fu € V.

More advanced texts define vector spaces which are “function spaces,” specifically
Ck(I) = {f : I — R ‘ 1 f’,f”,l..,f(k) exist and are continuous on I},

where I is some interval, and f : I — R means that f inputs values in I and outputs values in R. (I will be the
domain, and R will contain the range.) Thus C™(I) for a given interval I, or even C™(R) are natural domains of the
operator L in (3). Note from calculus that if f* is defined and continuous, so is f*~1, and therefore f*=2, etc., until
we are down to f itself. C(I) is the space of functions which are continuous on I, C1(I) is the set whose derivatives
are also, etc. These are all vector spaces.



In linear algebra terms, an L satisfying (4) is said to “preserve (vector) addition,” while an L
satisfying (5) is said to “preserve scalar multiplication,” the scalars here being the constants 5 € R.
To see that L as in (2) does indeed fit the definition of linear operator, let us first consider it in
pieces. First, assume that L[y] = ag(z)y for all functions y = y(z) for which L[y] makes sense. Then

Llyr + y2] = ao(®)(y1 + y2) = ao(®)y1 + ao()y2 = Lly1] + Llyz];

L[By] = ao(x)(By) = Bao(z)y = BLy].
Next we will look at the case L[y] = a4 (x)d—g Thus

d
Liyy + 2] = a1(95)% [y1 + o] = ai(x) {a;y; + C;y;}
= (@) 4 0@ %2 = 1) + Lol
d(By)

L8y = @) 22 = 0,239 = s ()2 = pry).

The fact that the general L is still linear follows similarly, since the ay(x) functions are coefficients
which go along for the ride. To prove in the more general case it is easier to cite a theorem from
linear algebra:

Theorem 1 An operator is linear, i.e., satisfies (4) and (5) if and only if the following holds for all

Y1, Y2, o, B:
Llayy + By2] = aLly1] + BL[y2]. (6)

The proof is a fairly quick linear algebra exercise. In short, If (6) holds, it is true for «, 8 = 1, which
gives (4), and for oo = 0, giving (5). Conversely, if (4) and (5) both hold, then

L{oyy + Bys] = L{oan] + L[By2] = aLly1] + BL[ys],

which is (6), where we used preservation of addition first, and then preservation of scalar multipli-
cation. That completes a proof.

The upshot of Theorem 1 is that we can prove one equation, namely (6), that L preserves linear
combinations of functions yi,y2, to show (2) gives a linear operator in the sense of (4) and (5).
To save space, let us just show that an operator with nth, first and zero-order terms, i.e.,

d"y dy

gon T a1(@) o+ ao(2)y

is linear (and the middle terms would fit in the obvious way if included).

Llay: + By2]
ar d
= an(ﬂf)d? {ays + By2} + a1(9€)% {ays + By2} + ao(@) {1 + By2}
ar dr d d

= aa, (@) 28 + fan (@) 722 + aa (@) 22+ Bar () 22 + aag(@)ys + Bao(a)ys
_ "y dy1 d"yo dys

—a |an(@) G+ (@) 2+ aolehn] + 6 an(0) T2 + 01052 + aolal

= aLly] + BL[y:],

as we claimed.
It is important that the coefficients ax(x) are functions of z only; if they are allowed to contain
y as well, we would lose linearity.



In fact, solving (1) is quite difficult, if not impossible without resorting to numerical methods,
except under certain circumstances. If the coefficients ag(z), a1(x),...,a,(x) are all constant, then
there is hope, as we will see in a later lecture. Fortunately, when we have such an equation which
is only order 1, even when the coefficients are nonconstant a general method is available. It is a
“clever” enough method that it is best memorized and not re-invented each time it is needed. It is
presented below.

2 Solving First-Order Linear ODE’s

By definition, these will be of the form

dy
a(z) = +ao(2)y = g(). (7)
x
However, this is not the form that we will use to build our method upon. Instead, we will divide by
ay(x), to get

dy aofw) _ glo)

dr = ap(x) ay(z)’
which we then write for convenience as
d
=+ Pla)y = f(2). (8)

Zill calls (8) the standard form of (7).

Note that we divided by a;(z), which may occasionally be zero. We have not yet discussed the
topic of just where we can find a solution, i.e., for which x’s can we solve such an equation. Thus
anytime we try to solve such an equation, we must realize that our method may well break down
outside of intervals on which P(x) and f(x) are defined and continuous. Usually it is obvious, from
the form of the solution, just where the solution is valid. We will revisit this idea as we continue
our development.

Returning to (8), the following technique (trick?) was discovered over the years:

dy

1. Gi 8), i.e., —
1ven(),1e,dx

+ P(z)y = f(x).

2. Multiply both sides by n(x) = el Pla)dz,

1)L () Pla)y = () (@), e Q
efP(x)dz% + efP(x)de(x)y _ efP(x)dxf(x). (10)

3. Recognize that the LHS of (9) (or (10)) is a product rule. In fact, notice two things about this
new equation:

(a) The derivative of n(z) is given by the chain rule and Fundamental Theorem of Calculus:

dn(w) —el Py 4 /P(a:) dz = P(z)ed @) 4 = p(z)n(a); (11)

dzx dx

(b) The RHS is a function of = alone, call it ¢(z) = n(x) f(z). Thus we have

dy dn
U q(z) (12)



4. Re-write the LHS as a derivative of a product:

L o) = at). (13)

5. This gives ny = /q(x) dx, so that

If we would like to trace everything through based upon (8), we would get

B fefP(ac)dmf(x) dx "
vy= ef P(z)dx : ( )
The function n(x) = e P@)dr ig called an integrating factor, because multiplying by this function
gives a desirable form, in this case a product rule form on the LHS of (8), from which we can quickly
“integrate,” or solve the ODE.

A couple of remarks about constants should be made here. First, we can use any constant we
would like in the integral appearing in the integrating factor. It is usually easier to just assume the
arbitrary constant of integration is zero there. In fact note

ef P(z)dz+C2 _ ef P(z) daceCz — Cg@f P(x) dm,

so if we change the constant in f P(x) dz we are simply multiplying the equation in standard form
(8) by a nonzero constant, which does not change anything, including the product rule form in
the LHS of the new equation (12). However, the whole of the integral in the numerator of (14)
will contain an arbitrary additive constant which does matter, and becomes the parameter in the
one-parameter family of solutions of the original ODE.

3 The Integrating Factor in Action

One could simply memorize the solution (14) to solve these. However, the above process is usually
superior because the formula is sufficiently complicated, and there are places to catch mistakes if
we break it into the smaller steps. Furthermore, all we need to memorize are the forms of the ODE
(8), the spirit of the process, and the integrating factor

n(z) = el P) 4, (15)
Example 1 (#5 in Zill, p. 65) Solve the ODE: 3 + 3%y = 2°.

Here P(z) = 322, so
:efP(;c)dac _ €f3;c2dx — xS-

n(z) €
Multiplying our ODE by n(z) gives us
Y +32%y =22 = emsy' + 39526‘”334 =32
z3 ! 2 a3
= (e y) =zx%e
= eISy = /a:Qeg”3 dx
1
— exay = gex?’ + C
%e“3 +C
— Yy = 3 .



Usually this process gives us a solution which can be then simplified a bit:
1 3
=-+Ce ™.
Y73
This is a one-parameter family of curves. In fact, the solution is valid for all x € R, which is the

where this solution is defined and is continuous.

Example 1 is one of the simplest. In fact, it is separable (as the reader should check)! However,
these can become less forgiving as they become more difficult to compute the integrals involved. It
is also crucial that the equation is in the form (8), i.e., ¥’ + P(x)y = f(x).

d
Example 2 Solve the ODE: % =z+vy.

First we need to get the correct form, which again was y' + P(x)y = f(x):

This gives P(x) = —1, so n(x) = el P@)de — oJ(=Vdz — o= = Npuitiplying by this integrating factor
gives

vy —y=2z = ey —e Ty =e Tz
— (e_xy)l =xe "
= ety = /:Ee_’c dzx.
Of course now we must integrate by parts.
U=z dv=e""dx
du = dz v=—e *

This gives us
ey =uv— /vdu =z(—e")+ /e_“J dr = —ze” " —e " 4 C.

Multiplying by e* then gives us y = e (—xe_m —e T+ C) and so
y=—z—1+Ce".

d
Example 3 (From a previous edition of Zill) Solve the ODE: d—y 4+ ycotxz = 2cos.
x
Here P(x) = cotz, and so

,,7(1,) _ efP(az:)dnc _ efcotzdx _ 6ln|sinaﬂ| _ |Sin:L‘|.

Here we can wave our hands a bit. After all, |sinx| = £sinz, depending upon whether sinx is
positive or negative, but we can certainly multiply both sides of our ODE by either (and check that
it works, i.e., that we get a product rule form on the LHS). For simplicity we will multiply by sin x:

y +ycotx =2cosx =—> Yy sinz +ycotrsine = 2coszsinz
== y' sinz + ycosx = 2cosxsinx
= (ysinx)' = 2coszwsinx
. . 1.
= ysmx:/Qcosxsmxdx:ismzx—i—c
%sin2z+6’
— y:.7~
sinz



Thus
1.
y = —sinx + Ccscr,

and is valid on all intervals of the form (nw, (n + 1)7), i.e., except where sinz = 0.

4 Derivation of n(z)

For completeness the derivation of 7 is given here. The idea is that one assumes an integrating
factor exists, and then attempts to use the ODE to find what the form of 1 must be. Recall that
the whole point of multiplying by 1 was to make the LHS a product rule, in this case. Thus we can
ignore the RHS (so long as it is a function of z). What we really need is (ny)’ = RHS, i.e.,

(my)" =ny' + P(z)ny. (16)
Expanding the derivative on the left then gives
ny' +yn' =ny' + P(x)ny. (17)
Subtracting ny’ from both sides gives
yn' = P(x)ny, (18)
which, after dividing by ny gives
7777, = P(x). (19)

Recalling that nn = n(z), and putting in the integrals gives

/ ’777/((;)) dz = / P(z)dz. (20)

The integrand on the RHS is the same as (In|n(x)|)’, so we have

In |n(z)| = /P(x) dx, (21)

giving us
In(x)] = el P& (22)

so that
n(z) = el P@ dz, (23)

Now as we mentioned before, if 17 works as an integrating factor, so does —n(z) (and in fact any
nonzero multiple of 7 will work because multiplicative constants can go along for the ride), so we
wave our hands a little and just take

n(x) = el L. (24)

Again, this derivation is not necessary once we know the method, but it is interesting to see how
one could derive the method. Furthermore the techniques used in this derivation can be attempted
with other, more exotic ODE’s, and in fact will appear in a little different form in Section 4.6 of Zill.

Homework 3-A

In all of the problems below, find an integrating factor n(xz) and solve using the method of
Section 2 and the examples of Section 3 above.

1. Solve the ODE ¢ + 2xy = .

d
2. Solve #17 in Zill: cos xd—y +ysinx = 1.
x



